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Abstract: We show that the D = 11 Supermembrane theory (M2-brane) compactified
on a M9× T 2 target space, with constant fluxes C± naturally incorporates the geometrical
structure of a twisted torus. We extend the M2-brane theory to a formulation on a twisted
torus bundle. It is consistently fibered over the world volume of the M2-brane. It can also
be interpreted as a torus bundle with a nontrivial U(1) connection associated to the fluxes.
The structure group G is the area preserving diffeomorphisms. The torus bundle is defined
in terms of the monodromy associated to the isotopy classes of symplectomorphisms with
pi0(G) = SL(2, Z), and classified by the coinvariants of the subgroups of SL(2, Z). The
spectrum of the theory is purely discrete since the constant flux induces a central charge
on the supersymmetric algebra and a modification on the Hamiltonian which renders the
spectrum discrete with finite multiplicity. The theory is invariant under symplectomor-
phisms connected and non connected to the identity, a result relevant to guaranteed the
U-dual invariance of the theory. The Hamiltonian of the theory exhibits interesting new
U(1) gauge and global symmetries on the worldvolume induced by the symplectomorphim
transformations. We construct explicitly the supersymmetric algebra with nontrivial cen-
tral charges. We show that the zero modes decouple from the nonzero ones. The nonzero
mode algebra corresponds to a massive superalgebra that preserves either 1/2 or 1/4 of the
original supersymmetry depending on the state considered.a
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1 Introduction
Flux compactifications has provided a new arena to explore String theory realizations with
very good results towards the recovering of phenomenological properties at low energies.
They are topological quantities associated to the quantization condition of closed field
strength p-forms over compact p-cycles. They may modify the string theory compactifica-
tions in many ways, for example in the amount of supersymmetry preserved, by providing a
mechanism for perturbative moduli stabilization, generating susy/soft breaking terms, a hi-
erarchy of scales between gravitational and gauge forces, as well as deforming the geometry
associated to the compactified manifold. It has also been showed that string compactifica-
tions with fluxes may generate gauged supergravities as Effective Field Theory (EFT).
String/ F-theory compactifications on twisted torus have been proved to provide very
fruitful scenarios to obtain at low energies gauged supergravities [1–10] since its proposal,
in [11], as a mechanism for nontrivial reducing 11D supergravity to lower dimensions. In
those works it was established the relation between 11D Supergravity reductions, by Sherk-
Schwarz reductions [11–14], and geometric fluxes, also call torsion [15], or by more general
fluxes described via embedding tensor mechanism [16, 17]. String compactifications on
twisted tori can be described in two complementary ways [18]: as a group manifold [19, 20]
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(a nilmanifold [18, 21, 22]) or as T-duals of tori with constant NS 3-form flux [23]. The
twisted torus seen as fiber bundles is associated to nontrivial torus bundles with monodromy
over torus. In the particular case of twisted T 3 it can be described either as nontrivial U(1)
principal bundles over a torus [24, 25] or as a 2-torus bundle over a circle with monodromy
in SL(2, Z) [5].
Recently in the context of the Supermembrane theory,ie. the M2-brane theory, as part
of M-theory, the relevance of flux compactification in the quantum behaviour of the theory
has been emphasize [26]. However other implications have not been reported. A way to
obtain nine dimensional type II gauged supergravities as an Effective Field Theory (EFT)
at low energies has been from F-theory compactified on a 3-twisted torus ([20]) or from
M-theory [27]. In this paper we will show that the supermembrane with constant fluxes C±
compactified on M9 × T 2 can be understood as a Supermembrane compactificatified on a
twisted tori, providing new hints of its connection [28],[29] with type II gauged supergravities
in nine dimensions [12],[17].
The M2-brane formulated on a twisted torus bundle considers the twisted torus T 3W
to contain two of it dimensions associated to the 2-torus target space and the third one
to the fiber of the nontrivial U(1) principal bundle associated to a central charge on the
worldvolume. Geometrically it can be considered as an emergent internal dimension that
will play no dynamical role. The U(1) principal bundle associated to the nontrivial flux on
the target can be pullback by an immersion map defined in terms of the harmonic 1-forms
on the base torus Σ. It turns out that this map is a diffeomorphism between the torus Σ
and the flat torus T 2 on the target space. Hence the U(1) principal bundle on T 2 can be
pullback to a U(1) principal bundle on Σ and viceversa.
This bundle has a U(1) connection 1-form on Σ whose curvature has an associated
Chern number characterizing a central charge on the supersymmetric algebra of the Super-
membrane. We discuss the explicit relation between the geometry associated to the flux
condition on the target and the central charge on the base torus Σ. It was shown in [26]
the equivalence between both geometrical structures.
Moreover, we complement this result with the construction of the supersymmetric alge-
bra of the Supermembrane with constant fluxes C±. We make explicit the supersymmetric
algebra following the lines of [30]. We discuss the decoupling of the zero modes for this case
and end up with in the non zero mode algebra with the Hamiltonian of the Supermembrane
with central charges.
We discuss the amount of supersymmetry preserved by the flux or central charge con-
dition. Besides the U(1) geometrical structure which we explicitly discuss, the Superme-
mbrane theory is invariant under area preserving diffeomorphisms APD connected to the
identity. In fact, the Hamiltonian of the Supermembrane is subject to a first class constraint
which generates that symmetry of the theory.
In two dimensions the area preserving diffeomorphism group coincides with the sym-
plectomorphism group preserving a symplectic 2-form, which in our construction of the
Supermembrane with central charges is the induced symplectic 2-form arising from the
pullback of the canonical symplectic 2-form on the target torus T 2 by the diffeomorphism
between the two tori.
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In the presence of a central charge on the worldvolume, the formulation of the Super-
membrane introduces an explicit dependence on the homology basis on Σ as well as on the
harmonic 1-form basis on Σ and on the three parameters characterizing T 2, in particular
the Teichmuller τ associated to the period of the normalized holomorphic 1-form.
It is then relevant to analyse the dependence of the Supermembrane theory on the
non-connected to the identity symplectomorphisms.
We will show that, the hamiltonian of the M2-brane with fluxes is invariant under
the full group of symplectomorphisms and under U(1) gauge symmetry associated to the
fluxes or equivalently to the central charge on the worldvolume. The Hamiltonian can be
expressed either in terms of a symplectic connection and its curvature or in terms of a U(1)
connection and its curvature, a remarkable property. All these aspects can be of relevant
for realistic compactifications.
Moreover, we will discuss the compatibility between both geometrical structures the
symplectic one and the U(1) principal bundle and the relation of these geometrical struc-
tures with the formulation of the Supermembrane on a twisted torus bundle with mon-
odromy generated by a representation of the fundamental group of Σ acting on H1(T 2), the
first homology group of T 2, which can be identified with the natural action of SL(2, Z) on
Z2.
The main point to be shown is the consistency of the transitions on the symplectic
group under the monodromy and the transitions on the U(1) line bundle. The formulation
of the Supermembrane in terms of the geometrical objects of a twisted torus bundle will
then follow directly. If that is so, the classification of inequivalent classes of M2-brane
torus bundles already known [28, 29] and related to gauge supergravities in [12, 17] can be
enriched by the associated monopole structure [31] which can be relevant for applications
of the M2-brane phenomenology.
Finally, a remarkable property of M2-branes on a twisted torus bundle is that the quan-
tum spectrum of their regularized Hamiltonian is discrete. This follows from the presence
of a nontrivial central charge condition [32] that render the spectrum purely discrete with
finite multiplicity [33]. The same results occurs for the M2-brane with nontrivial constant
fluxes C± on the target [26].
This paper is organized as follows. In section 2. we summarize the formulation of the
M2-brane on a M9 × T 2 target space in the presence of constant fluxes C± and its relation
with the so-called central charge condition. In section 3. we obtain the algebra of super-
charges of the supermembrane with fluxes and analyze the behaviour of zero and non-zero
modes.We also discuss the amount of supersymmetry preserved by the nonzero algebra of
supercharges. In section 4 we discuss the symplectomorphims transformations connected
and non connected to the identity under which the Hamiltonian is invariant. In section 5.
we obtain the gauge and global U(1) symmetries of the Hamiltonian associated to symplec-
tomorphism transformations. We also obtain a symplectic gauge symmetry realized on the
Hamiltonian. We obtain two different formulations of the Hamiltonian depending on which
gauge symmetry we want to make manifest. In section 6. we obtain a geometrical interpre-
tation of the M2-brane formulated on a twisted torus bundle. We discuss its consistency.
In section 7 we present a discussion and our conclusions.
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2 M2-brane with constant C± fluxes
In this section we review former results found in [26] where it was shown that a M2-brane
with C± fluxes can be interpreted as a M2-brane in a background with central charges.
The supersymmetric action of the M2-brane on a generic 11D noncompact background was
found by [34]. In the following we will consider a flat background metric Gµν = ηµν in the
presence of some constant components of the three-form C3. The embedding coordinates
in the superspace formalism are (Xµ(ξ), θα(ξ)) with ξr the worldvolume coordinates and
where µ, ν, λ and α, β, are bosonic and fermionic target space indices, respectively and r, s, t
denote worldvolume indices. In this background the action of the supermembrane takes the
following form
S =− T
∫
d3ξ{√−g + εrstθ¯Γµν∂tθ
[
1
2
∂rX
µ(∂sX
ν + θ¯Γν∂sθ)+
+
1
6
θ¯Γµ∂rθθ¯Γ
ν∂sθ] +
1
6
εrst∂rX
µ∂sX
ν∂tX
ρCρνµ} ,
(2.1)
This background corresponds to the asymptotic limit of a D = 11 supergravity solution
generated by an M2-brane acting as a source [35, 36]. We notice that the last term in (2.1)
becomes non trivial because the maps Xµ may have a nontrivial wrapping on the compact
torus of the target space.
We now consider the supermembrane action in the Light Cone Gauge (LCG) on a M11
target space with constant gauge field Cµνλ closely following the definitions in [37]. The
supersymmetric action is [26],
S = T
∫
d3ξ{−
√
g¯∆− εuv∂uXaθ¯Γ−Γa∂vθ + C+ + ∂τX−C− + ∂τXaCa + C+−} (2.2)
with
Ca = −εuv∂uX−∂vXbC−ab + 1
2
εuv∂uX
b∂vX
cCabc ,
C± =
1
2
εuv∂uX
a∂vX
bC±ab , C+− = εuv∂uX−∂vXaC+−a ,
(2.3)
a, b, c = 1, ..., 9 are target space transverse coordinates indices, and u, v = 1, 2 are indices
for worldvolume spacelike coordinates (σ1, σ2). It is possible to fix the variation of some
components of the 3-form by virtue of its gauge invariance. In particular it is possible to
fix C+−a = 0 and C−ab = constant. The action contains nonphysical degrees of freedom
X− that must be eliminated. In [26] the dependence on X− was eliminated by perform-
ing a canonical transformation on the configuration variables. On the new variables the
Hamiltonian of the compactified theory on M9 × T 2 target space is the following one:
H˜ = T
∫
Σ
d2σ{
√
w
Pˆ 0−
[
1
2
(
Pm√
w
)2
+
1
2
(
Pi√
w
)2
+
1
4
{
Xi, Xj
}2
+
1
2
{
Xi, Xm
}2
+
1
4
{Xm, Xn}2
]
+
√
w
[
θ¯Γ−Γm {Xm, θ}+ θ¯Γ−Γi
{
Xi, θ
}]− C+} , (2.4)
where the Xm,m = 3, . . . , 9 denote the transverse maps from the foliated worldvolume
Σ to M9 and Xi, i, j = 1, 2 the maps from Σ to T 2 and the Lie bracket is defined as
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{A,B} = uv√
w
∂uA∂vB. In the compactified case, in contrast to the noncompact one, the
last term in (2.4) for constant bosonic 3-form is a total derivative of a multivalued function,
therefore its integral is not necessarily zero. This Hamiltonian (2.4) is subject to the local
and global constraints associated to the area preserving diffeomorphisms (APD) connected
to the identity
d(PidX
i + PmdX
m + θΓ−dθ) = 0 ,
∮
Cs
(PidX
i + PmdX
m + θΓ−dθ) = 0 . (2.5)
Classically the dynamics of this Hamiltonian contains string-like spikes which render
the quantum spectrum of the theory continuous.
When the following flux condition is imposed on the target space M9 × T 2 associated
to the nontrivial integral values of the two form F˜ = 12C±ijdX˜
i ∧ dX˜j
∫
T 2
F˜ = k± ∈ Z/{0} , (2.6)
with dX˜i, i = 1, 2 the harmonic one-forms of the T 2 and we impose that the maps Xi
from the worldvolume to the compact sector of the target are identified with X˜i, then the
spectrum of the Supermembrane becomes discrete. This flux condition is equivalent to
the existence of an U(1) principle bundle over T 2 and of a 1-form connection on it, whose
curvature is F̂ . In particular, the pullback of (2.6) by the embedding maps describes the
central charge condition over the supermembrane worldvolume. In [26] we proved that :∫
T 2
F˜ =
∫
Σ
F̂ =
∫
Σ
1
2
ijdX
i ∧ dXj = n, n ∈ Z/{0} , (2.7)
where Xi are the maps from Σ to the T 2 on the target, and for k± = n (and C±ij = ij).
Then, there is a one to one correspondence between the supermembrane where F̂ is the
curvature on the world volume associated to irreducible winding of the membrane, and
the supermembrane on a background with a flux condition on T 2 generated by C±. The
irreducible wrapping condition, when the area of the T 2 has been normalized to one, is∫
Σ
dXi ∧ dXj = ijn, n ∈ Z/{0} , (2.8)
is a nontrivial 2-form flux condition over the worldvolume that generalizes the Dirac monopole
construction to Riemann surfaces of arbitrary genus g ≥ 1 [31] applied to the supermem-
brane theory [32]. The invariance under area preserving diffeomorphisms is preserved. The
central charge condition implies a restriction on the allowed maps Xi to the compactified
sector of the target space, such that the associated one-form decomposes into a harmonic
one form dXih with integer coefficients (winding numbers) and an exact one dA
i which
represents the new dynamical degrees of freedom,
dXi(σ1, σ2, τ) = dXih(σ
1, σ2) + dAi(σ1, σ2, τ) (2.9)
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The Hamiltonian formulation of the D = 11 Supermembrane with irreducible winding
(or nontrivial central charge) was found in [38]
H =
∫
Σ
d2σ
√
w
[1
2
( Pm√
w
)2
+
1
2
( Pi√
w
)2
+
1
4
{Xm, Xm}2 + 1
2
(DiXm)2 + 1
4
(Fij)2
]
+
∫
Σ
d2σ
√
w
[
Λ
(
Di
( Pi√
w
)
+
{
Xm,
Pm√
w
})]
+ (n2Area2T 2)
+
∫
Σ
d2σ
√
w
[
− θ¯Γ−ΓiDiθ − θ¯Γ−Γm {Xm, θ}+ Λ
{
θ¯Γ−, θ
} ]
,
(2.10)
where there is a symplectic covariant derivative and symplectic curvature defined
DiXm = DiXm + {Ai, Xm} , Fij = DiAj −DjAi + {Ai, Aj} , (2.11)
with Di a covariant derivative defined in terms of the moduli of the torus [28],
Di• = 2piRimki θkj
uv√
w
∂uXˆ
j∂v• =
{
Xjh, •
}
δij ,
Classicaly the Hamiltonian does not contain string-like spikes [39]. At a quantum level
it has the remarkable property of having a supersymmetric discrete spectrum with finite
multiplicity, [33]. Since the Hamiltonian of both theories, given by (2.10), differ at most
in a constant, arising from the flux term associated to C+ in the Hamiltonian (2.4), the
spectrum of the supermembrane with fluxes generated by C± has also discrete spectrum
with finite multiplicity.
The effect of the C± background also produces a discrete shift in some components of
the momentum of the supermembrane, and in the Hamiltonian density. Comparing with
the original configuration variables (Xa, Pa) and considering the total momentum of the
supermembrane, we have [26]
P 0− =
∫
Σ
(Pˆ− + C−)dσ1 ∧ dσ2 = Pˆ 0− + k− , (2.12)
P 0+ =
∫
Σ
(Pˆ+ + C+)dσ
1 ∧ dσ2 = H + k+ . (2.13)
In the rest of the paper we will present new results characterizing other physical and geo-
metrical aspects of the supermembrane formulated on aM9×T 2 background with constant
fluxes C±.
3 Supercharges algebra of the M2-brane with constant C± fluxes
In this section we obtain the algebra of the M2-brane charges in the presence of constant
flux background. The algebra of supercharges of the M2-brane with nontrivial flux is an
algebra with central charges. The M2-brane algebra in noncompact 11D in the LCG was
formerly worked out in [30]. In our construction we will closely follow its notation. The
supercharges for the supermembrane in M9 × T 2 formulated in the LCG can be written as
Q+ =
∫
d2σ(2PmΓm + 2P
iΓi +
√
w{Xm, Xn}Γmn
+ 2
√
w{Xm, Xi}Γmi +
√
w{Xi, Xj}Γij)θ, (3.1)
Q− = 2Γ−θ0. (3.2)
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Thus, using the definitions of the zero modes
Pm0 =
∫
Σ
d2σPm, P iKK ≡ P i0 =
∫
Σ
d2σP i (3.3)
Xˆm0 =
∫
Σ
d2σ
√
w(σ)Xˆm, Xˆi0 =
∫
Σ
d2σ
√
w(σ)Xˆi, θˆ0 =
∫
Σ
d2σ
√
w(σ)θˆ, (3.4)
where we denote P iKK the zero mode momentum contribution associated with the compact
directions in order to emphasize that these also represent the KK modes and therefore are
constants. We can see, that Q− is already a zero mode contribution and on the other hand
the Q+ can be written as
Q+ =
∫
d2σ(2P ′mΓm + 2P ′iΓi +
√
w{X ′m, X ′n}Γmn
+ 2
√
w{X ′m, X ′i}Γmi +
√
w{X ′i, X ′j}Γij)θ′
+ 2Pm0 Γmθ0 + 2P
i
KKΓiθ0 +
(∫
d2σ
√
w{X ′i, X ′j}
)
Γijθ0, (3.5)
where the primes indicates that we are excluding the zero mode contributions. Due to the
last term in this equation we can see that in general there will not be a decoupling of the
zero modes in the Q+, unless this term is a constant.
If we impose the flux condition (2.7) over the form C± it corresponds to the M2-brane
in the LCG compactified on a M9 × T 2 target space subject to the irreducible wrapping
condition (2.8). That is, all configurations must satisfy that the bracket on the later term
of (3.5) is proportional to n. It implies the existence of a central charge contribution n in
the supersymmetric algebra. We can replace this integral by its constant expression. In
fact its Poisson bracket with any functional is zero, since its Poisson bracket with P ′i is
zero. In the following we will specify the flux units (k+, k−) = (k+, n) being n the integer
associated to the central charge. The equation (3.5) takes then the following form
Q+ =
∫
d2σ(2P ′mΓm + 2P ′iΓi
√
w{X ′m, X ′n}Γmn + 2
√
w{X ′m, X ′i}Γmi
+
√
w{X ′i, X ′j}Γij)θ′ + [2Pm0 Γm + 2P iKKΓi + ijnΓij ]θ0, (3.6)
in which the zero mode contributions can now be separated. Then we can decouple the
zero mode contribution to the charges
Q− = Q−0 = 2Γ
−θ0, (3.7)
Q+0 = 2P
m
0 Γmθ0 + 2P
i
KKΓiθ0 + 
ijnΓijθ0. (3.8)
Now we can compute the algebra of the zero modes to obtain
((Q−0 )
α, (Q−0 )β)DB = −2(Γ−)αβ (3.9)
((Q+0 )
α, (Q−0 )β)DB = −(ΓmΓ+Γ−)αβPm0 − (ΓiΓ+Γ−)αβP iKK
− 1
2
(ΓijΓ
+Γ−)αβ
ijn (3.10)
((Q+0 )
α, (Q+0 )β)DB = [(P0)
2 + (PKK)
2](Γ+)αβ + 2(Γ
+Γi)αβP
j
KKijn
+ (Γ+)αβn
2 (3.11)
– 7 –
The complete algebra of the zero modes supercharges is
(Qα0 , Q0β)D.B = [(P0)
2 + (PKK)
2 + n2](Γ+)αβ − 2(Γm)αβPm0
+ 2(Γ+Γi)αβP
j
KKijn− (Γij)αβijn− 2(Γi)αβP iKK
− 2(Γ−)αβ . (3.12)
The algebra of the supercharges without the zero mode contributions is
((Q′+)α, (Q′+)β)D.B = (Γ+)αβ(M2 − n2)− 2(ΓmΓ+)αβ
∫ √
wϕ′X ′m
− 2(ΓiΓ+)αβ
∫ √
wϕ′X ′i + (ΓiΓ+)αβ
∫
d2σ∂uS
′ui , (3.13)
whereM2 is the mass operator and ϕ is the first class constraint associated to the symplec-
tomorphisms, or equivalently area preserving diffeomorphisms APD, the residual symmetry
in the LCG,
ϕ′ = {(√w)−1P ′, X ′}+ {θ¯′Γ−, θ′} = 0 (3.14)
and the integrand of the surface term is
S′ui = uvX ′i
(
2√
w
P ′m∂vX
′m +
2√
w
P ′j∂vX
′j + θ¯′Γ−∂vθ′
)
(3.15)
By analyzing in more detail we can observe that∫
Σ
d2σ∂uS
′ui =
∫
d2σ2X ′iϕ′
+ 2
∫
Σ
dX ′i ∧
(
1√
w
P ′mdX
′m +
1√
w
P ′jdX
′j + θ¯′Γ−dθ′
)
,
(3.16)
which can be rewritten as∫
Σ
d2σ∂uS
′ui =
∫
d2σ2X ′iϕ′ + 2
∮
Cu
dX ′iφvuv + 2(PKK)jijn , (3.17)
where we are denoting φv the global APD first class constraint,
φv =
∮
Cv
(
1√
w
PmdX
m +
1√
w
PjdX
j + θ¯Γ−dθ
)
= 0 . (3.18)
The maps from the basis to the T 2 on the target in order to be well defined must satisfy
condition ∮
Cu
dX ′i = M iu . (3.19)
Finally the superalgebra of supersymmetric charges for the nonzero modes is
(Q′α, Q′β)D.B = (Γ
+)αβ(M2 + 2k+)− 2(ΓmΓ+)αβ
∫ √
wϕ′X ′m
+ 2(ΓiΓ
+)(M iu
uvφv + 2(PKK)j
ijn) , (3.20)
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where we have just made explicit the role of the central charge brackets.
In this construction there exists a minimal embedding state associated to the fluxes, a
1/2 BPS state. Also there is a quantized nontrivial Kaluza Klein momentum associated to
1/2 BPS states, that contributes to the multiplet. The M2-brane with fluxes can have 1/4
or 1/2 of the supersymmetry preserved, depending if the Kaluza Klein modes are turned
on, or not, respectively. This is in agreement with the analysis of the N = 2 superalgebra
in ([40]).
4 M2-brane with fluxes: symplectomorphism transformations
In this section we characterize the symmetries of the theory by a study on the area preserving
diffeomorphisms APD which in two dimensions are equivalent to symplectomorphims. We
consider the symplectomorphims connected and not connected to the identity. We find
new results in which the constant harmonic map Xrh(σ
1, σ2) and the single-valued map Ar
play a distinguish role. We will show that their transformations under symplectomorphisms
make explicit hidden symmetries of the Hamiltonian H that we will explore in the following
section.
The Hamiltonian of the Supermembrane with central charges formulated in the LCG
besides its invariance under symplectomorphisms is invariant under two discrete symmetries
associated to the monodromy of the fiber denoted formerly by the authors [29] as SU
duality1 and the base respectively contained in SL(2, Z), the group of isotopy classes of
symplectomorphims. One of the discrete group symmetries SL(2, Z) is associated to the
change in the basis of harmonic one-forms of the worldvolume torus of the M2-brane. Hence
they will be relevant in the definition of symplectomorphims connected to the identity
Symp0(Σ) and not connected to the identity, SympG(Σ), respectively.
It was shown in [30, 41] that the Symp0(Σ) group is a symmetry of supermembrane
theory when the target space is a 11D Minkowski spacetime. It can also be shown, we
will explicitly do it in the following sections, that M2-brane theory with central charges is
invariant under the different isotopy classes of area preserving diffeomorphism, in particular
under Symp0(Σ). As each symplectomorphism over the torus is isotopic equivalent to a
linear symplectomorphism, the changing from different isotopy classes is given by a matrix
S ∈ Sp(2, Z) ≈ SL(2, Z) relating the linear diffeomorphisms [28]. See [42] for a rigorous
proof. We are going to analyze the action of Symp0(T 2) and SympG(T 2) separately.
4.1 Symp0(Σ) Transformations
The supermembrane theory is invariant under symplectomorphisms connected to the iden-
tity [41], the infinitesimal parameter ξ defines a closed one-form d(ξvdσv) = 0 which locally
can be expressed
ξv = ∂vξ , (4.1)
with ξ being either a function globally defined and whose associated dξ is an exact one-form
or a function not globally defined whose associated dξ is a closed but not exact one-form,
that is a harmonic one-form.
1the S-duality part of the U-duality group for M2-brane theory compactified on a 2-torus.
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Any functional O of the canonical variables transform locally under Symp0(T 2) as
δO =
{
O,< dξ ∧
( Pa√
w
dXa + θΓ−dθ
)
>
}
PB
. (4.2)
In the above expression,
< dξ ∧ Pa√
w
dXa >≡
∫
Σ
(
dξ ∧ Pa√
w
dXa
)
(4.3)
Therefore, under symplectomorphism connected to the identity
δξX
a = {ξ,Xa} , δξPa =
√
w
{
ξ,
Pa√
w
}
, δξθ = {ξ, θ} (4.4)
where a runs over the compact and non-compact indices, a = (i,m) with i = 1, 2 and
m = 3, . . . , 9.
Using the Hodge decomposition previously introduced in (2.9), the transformation of
the maps under symplectomorphisms are
δξX
i = δXih + δA
i =
{
ξ,Xi
}
, (4.5)
where dXih are the harmonic one-forms and dA
i the exact ones. We can consider all different
possible transformations for the harmonic and exact classes. In this transformation one
may not necessarily preserve the harmonicity property. That is, under diffeomorphisms
the harmonic one-forms in one coordinate system transform to harmonic one-forms in the
new coordinate system, however we are considering here transformation of the geometrical
objects on the same coordinate system which will be symmetries of the theory but not
necessarily corresponding to diffeomorphisms.
In one case we will consider the cohomological class d[Xih] and we define an equivalence
class [Xih]. Since we are interested to introduce a U(1) gauge symmetry, we are not inter-
ested in the pure harmonic one-forms but on the [Xih] class of maps which has an associated
unique curvature F̂ . In other case we will preserve the symplectic structure of the theory
under the transformation (4.5).
In the following we will consider all different cases, with ξ to be a general parameter not
necessarily globally defined, although the associated differential will always be well defined.
• First case:
δ[Xih] =
{
ξ, [Xih]
}
, and δAi =
{
ξ, Ai
}
. (4.6)
We will construct a U(1) connection one-form associated to the harmonic one-form
dXih with curvature F̂ . The class [X
i
h] is defined as follows: all the maps are obtained
by a symplectic deformation of Xih preserving F̂ . The infinitesimal deformation is
given by δXih =
{
µ,Xih
}
where µ is an infinitesimal parameter. We will show that
the (4.6) preserves the equivalence class. The one form connection describes the
realization over the worldvolume of the monopole connection associated to the U(1)
principal fiber bundle induced by the constant fluxes F̂ . Associated to Ai we will also
introduce a one-form connection on a trivial U(1) principal bundle which carries the
dynamical degrees of freedom.
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• Second case:
δXih = 0 and δA
i =
{
ξ,Xi
}
(4.7)
In this second case the complete transformation acts only on the exact part of the
embedding map A leaving invariant the harmonic sector. This transformation is
associated to a symplectic connection A that carries the dynamical degrees of freedom.
This transformation law and the symplectic connection has been extensively discussed
in [38].
• Third case:
δ[Xih] =
{
ξ, [Xi]
}
and δAi = 0. (4.8)
In this third case the symplectic transformation is completely associated to the har-
monic sector. We did not find any new connection, expressed in terms of the maps
defining the supermembrane, associated to this transformation. We will not discuss
it any longer.
4.2 The full group of symplectomorphism transformations
We consider in this section the full group of symplectomorphisms including the ones which
are not connected to the identity. As we mentioned before, in real dimension 2 the group
of symplectomorphisms coincides with the group of diffeomorphisms fixing a given volume
form, APD. In higher dimensions both groups have very different topological properties.
For any dimension the full group of diffeomorphisms of a smooth manifold is homotopy
equivalent to the volume preserving diffeomorphisms, VPD. Consequently, this also occurs
with the full group of diffeomorphisms and the symplectomorphisms in two dimensions.
The Supermembrane formulation in this work is in terms of a compact torus Σ on the
worldvolume and a flat torus T 2 on the compactified sector of the target space. The maps
from Σ to T 2 are scalar fields under symplectomorphisms connected to the identity on Σ
with values on T 2. We will now discuss the transformation law under symplectomorphisms
not connected to the identity.
T 2 is characterized by its moduli: the Teichmmüller parameter τ , Imτ > 0 and a real
R radius. The maps to the compactified sector of the target space are defined as
p ∈ Σ →
∫ p
po
dXi ∈ C , the complex plane ; i = 1, 2 . (4.9)
where ∮
Cj
d
(
X1 + iX2
)
= 2piR (lj +mjτ) ∈ L . (4.10)
Cj is a basis of homology on Σ, j = 1, 2, lj ,mj are integers (the winding numbers) and L
is a lattice on the complex plane C, T 2 ≡ C/L. Associated to a given basis of homology
there is a basis of harmonic 1-forms ωi, i = 1, 2, normalized by∮
Cj
ωi = δij . (4.11)
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The harmonic 1-forms are closed dωi = 0 and coclosed d∗ωi = 0. Locally any closed 1-form
can be expressed as
ωi = dX̂i , i = 1, 2 , (4.12)
then d ∗ dXˆi = 0, i = 1, 2. In terms of the local coordinates z = σ1 + iσ2 on Σ we have
∑
a
∂2aX̂
i = 0 , i = 1, 2; a = 1, 2 . (4.13)
The most general closed 1-forms on Σ can be expressed, using the Hodge decomposition in
harmonic and exact 1-forms dAi, as
dXi = M ijdXˆ
j + dAi , (4.14)
Ai, i = 1, 2, are then single valued functions on Σ. From (4.10) and (4.14) we obtain
d
(
X1 + iX2
)
= 2piR (lj +mjτ) dXˆ
j + d
(
A1 + iA2
)
. (4.15)
Under the full group of symplectomorphisms, the 1-forms dXm remain invariant. We
will obtain the transformation law for dXi, i = 1, 2. Under a symplectomorphism connected
to the identity on Σ, the homology basis Cj and the harmonic basis dXˆi remain invariant.
Under symplectomorphisms not connected to the identity, the homology basis transforms
by the action of SL(2, Z) and the harmonic basis by a corresponding SL(2) transformation
dXˆi → SikdXˆk , Cj → (S−1)lj Cl , with S ∈ SL(2, Z) . (4.16)
We notice that the map ∫ P
Po
dXˆi : Σ→ T 2 = C/L (4.17)
is an immersion, since dXˆ1 ∧ dXˆ2 is nondegenerate. Moreover, it is a bijection since it
is surjective and the tori Σ and T 2 are compact. We can then pullback and pushforward
the symplectic structures on T 2 and Σ by the bijection (4.17). We will consider, from now
on, the symplectomorphisms on Σ and T 2 always related by (4.17). A symplectomorphism
connected or nonconnected to the identity on T 2 induces a symplectomorphism connected
or non connected to the identity on Σ and viceversa. The flat torus T 2 is defined by
the parameters R and τ . Under symplectomorphisms connected to the identity on T 2, R
and τ remain invariant. The corresponding symplectomorphism on Σ leaves invariant the
homology basis as well as the normalized basis of harmonics. The 1-forms dXi, i = 1, 2
remain invariant and so does dXm [43] and
√
w ≡ 1
2
ij∂uXˆ
i∂vXˆ
juv . (4.18)
The map (4.9), (4.10) is then invariant and consequently the Hamiltonian also is invariant.
So the map (4.9) y (4.10) can be elevated to a map from Σ to the flat torus T 2 modulo
symplectomorphisms connected to the identity.
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On Σ the realization of the symplectomorphisms connected to the identity is generated
by the first class constraint on the supermembrane Hamiltonian. We may also consider the
action of symplectomorphisms non-connected to the identity. In this case [28, 43]
τ → aτ + b
cτ + d
,
(
a b
c d
)
∈ SL(2, Z) (4.19)
hence
Imτ → Imτ|cτ + d|2 , (4.20)
and
R→ R |cτ + d| , (4.21)
since the volume of the T 2 is proportional to R2Im τ and the transformation is volume
preserving (or area preserving in 2 dimensions). The non-connected to the identity trans-
formation on T 2 induces via (4.17) a transformation on dXˆi, i = 1, 2
dXˆi → SijdXˆj , S ∈ SL(2, Z) . (4.22)
We then consider the transformation on the winding matrix to be:(
m1 m2
l1 l2
)
→
(
a c
b d
)−1(
m1 m2
l1 l2
)
S−1 . (4.23)
The resulting transformation on dXi is
dX1 + idX2 → d (X1 + iX2) eiϕ . (4.24)
where
cτ + d
|cτ + d| = e
−iϕ . (4.25)
It turns out that the Hamiltonian is invariant under the change (4.24), consequently it
is invariant under the full symplectomorphism group preserving the canonical symplectic
2-form on T 2. The transformations (4.19), (4.21), (4.23), (4.25) play a relevant role in the
U-duality invariance of the theory with central charge [29]. This result is important since
the Supermembrane is then well defined on the class of T 2 flat torus modulo the full group
of symplectomorphisms. Consequently, one may define a symplectic torus bundle with base
manifold Σ, fiber T 2 and structure group the symplectomorphisms [43] on T 2. In addition
the nontrivial central charge introduces a nontrivial U(1) bundle in the geometric structure
and we we have to prove consistency of the overall construction.
In the previous section we considered infinitesimal symplectomorphism connected to
the identity. Let β0 be a symplectomorphism not connected to the identity, β0 belongs
to an isotopy class of symplectomorphisms. Let β1 be on the same class. Then there ex-
ist a smooth family of symplectomorphisms ht on the same class such that h1 = β1 and
h0 = β0. β1 can always be expressed as β1 = β0(β0−1h1), where β0−1ht is a family of
symplectomorphisms connected to the identity, since β0−1h0 = I, and β0−1β1 is then a
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symplectomorphism connected to the identity. Consequently any symplectomorphism on
the same class of β0 can be written as a product β0f , where f is connected to the identity.
Also β0f = gβ0 where g is also connected to the identity. In the case of the symplectomor-
phisms on a torus, the group generated by the isotopy classes is pi0(G) = SL(2, Z), as we
have already used. It is the same as the pi0(Diff(T 2))2 since diffeomorphisms are homotopic
to the volume preserving diffeomorphisms, and these ones with the symplectomorphisms on
a 2 dimensional surface. We conclude that the infinitesimal transformations in the previous
section can be also defined on the isotopy classes not connected to the identity by taking:
First case: Xˆ
′i = SijXˆ
j + Sij
{
ξ, Xˆj
}
, A
′i = Aieiϕ +
{
ξ, Ai
}
. (4.26)
Second case: Xˆ
′i = SijXˆ
j , A
′i = Aieiϕ +
{
ξ,Xi
}
, (4.27)
where
{
Sij
}
∈ SL(2, Z). We have already dismissed the third case. Notice that the
transformation of the first class does not preserve the decomposition of the closed one-
forms into harmonic and exact one-forms since we are in that case interested in U(1) gauge
equivalent classes.
The main step now is to construct an U(1) connection 1-form on Σ which arises from a
connection on a principle U(1) bundle over Σ compatible with the symplectic torus bundle.
5 Symmetries of the M2-brane theory with fluxes
In this section we will show the existence of connection one-forms associated to the sym-
metries described in section 4. In our construction the torus Σ, the base manifold, and the
flat torus T 2 on the target space are diffeomorphic. The immersion defined by
∫ P
Po
dXi from
Σ→ T 2 is also surjective and injective. Hence is a bijective map and since the symplectic
two form dXˆ ′i ∧dXˆjij is nondegenerate, it is a diffeomorphism between Σ and T 2. This is
relevant since we can then pullback and pushforward vector bundle from Σ↔ T 2. In par-
ticular, the existence of a nontrivial central charge on Σ is related to the existence of fluxes
on the compactified sector of the target space and viceversa. That is, the nontrivial U(1)
principal bundle on Σ associated to the central charge can be pushforward to a nontrivial
U(1) principal on T 2 associated to the flux condition and viceversa. In this section we will
introduce
• A U(1) connection 1-form associated to the central charge on Σ or equivalently to the
flux condition on the target. It is associated to the non-trivial U(1) principle bundle
with base manifold Σ, and characterized by the Chern number n. It is a monopole
U(1) connection, we denote it Â.
• A U(1) connection 1-form on the same U(1) principle bundle which in addition to
the topological structure associated to Â, it carries the physical degrees of freedom
associated to the compactified sector of the Supermembrane. We will denote it A. Its
2Strictly speaking pi0(Symp(T 2)) = pi0(Diff+(T 2)), but in the case of the 2-torus Diff(T 2) ≈
Diff+(T 2)
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curvature satisfies
1
2pi
∫
Σ
F = n , (5.1)
hence it has the same Chern number as F̂ = dÂ. Consequently, it is a connection
1-form associated to the same nontrivial U(1) principle bundle as Â.
• A symplectic 1-form connection A = Aidσi on Σ associated to a symplectic principle
bundle with base Σ and structure group G, the symplectomorphisms preserving the
nondegenerate two form
√
wijdσ
i ∧ dσj . This one is the pullback under the minimal
map of the canonical symplectic 1-form on the flat T 2 torus on the target space. The
curvature 2-form on Σ, F , satisfies
1
2pi
∫
Σ
F = 0 . (5.2)
The connection 1-form A carries the degrees of freedom of the compactified sector of
the Supermembrane, but does not provide a monopole topological structure as in the
previous cases.
We refer as first case or second case the ones already mentioned on the previous section
and defined by two different gauge symmetries:
• U(1) Gauge Symmetry: Let us consider the infinitesimal symplectomorphism
transformation previously discussed in (4.6)
δ[Xih] =
{
ξ, [Xih]
}
, δAi =
{
ξ, Ai
}
and i = 1, 2 . (5.3)
In the following we will show the appearance of a gauge connection A composed
by two different one-form connections Â and A that transform differently under the
previous symplectomorphism transformation We define Â = 12ijX
i
hdX
j
h. It is not a
global 1-form on Σ but a connection 1-form on Σ. In fact, notice that Xih is not a
singled valued function on Σ. However, under (5.3), Â transforms as a U(1) gauge
vector [32]
δÂ = dη , η = − 
uv
√
w
∂vξÂu − ξ ? F̂ , (5.4)
where ?F̂ is the Hodge dual of the two form F̂ = dÂ. It satisfies, by definition of
√
w,
?F̂ = n. The curvature F̂ = 12ijdX
i
h ∧ dXjh is a closed 2-form satisfying
1
2pi
∫
T 2
F̂ = n , (5.5)
where we have normalized the area of T 2 to 1. Consequently F̂ is the curvature of
a connection 1-form of a nontrivial U(1) principle bundle characterized by the Chern
number n. The same results (5.4) and (5.5) occur for the variation and curvature
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associated to each member of the class, where we replace in Â, Xih by the member of
the class.
The gauge transformation generated by the infinitesimal transformation (4.6) is asso-
ciated not to the harmonic fields but to the equivalence class constructed from them.
One of its elements is Xih , i = 1, 2, but the other members are not harmonics, al-
though they give rise to the same curvature F̂ , which characterizes the equivalence
class.
We introduce a new one-form on Σ, not considered previously that also transforms
under (4.6),
A = 1
2
ij(A
idXjh −AjdXih +AidAj) . (5.6)
We notice that A is indeed a 1-form on Σ, it has an associated 2-form FU(1) = dA
satisfying
1
2pi
∫
Σ
FU(1) = 0 , (5.7)
Under the infinitesimal transformation, (5.3) we obtain
δA = dη˜ , (5.8)
η˜ ≡
(
− 
uv
√
ω
∂vξ(
1
2
ijA
i∂uX
j
h)− ξ ∗ F̂
)
. (5.9)
It is important to remark that although A behaves as an exact U(1) connection,
physically it is relevant since it carries the information associated to the dynamical
degrees of freedom of the theory Ai(σ1, σ2, τ).
Now it is possible to define the following one-form linear combination A ≡ Â + λA.
It transforms under the complete infinitesimal transformation (4.6) as
δA = d(η + λη˜) , λ a real constant , (5.10)
a U(1) connection 1-form with curvature F = dA satisfying
1
2pi
∫
Σ
F = n , (5.11)
hence A is a connection one form on the same U(1) principle bundle with Chern
number n. A besides the topological structure provided by Â, it carries the physical
degrees of freedom associated to Ai the single valued fields describing the maps.
• Symplectic Gauge Symmetry: We consider the second class of infinitesimal trans-
formation considered in (4.7), δXih = 0 and δA
i = Diξ, where Di ≡
{•, Xih}+{•, Ai}
is a covariant derivative which satisfies the Leibnitz rule and preserves the transfor-
mation law of its argument under symplectomorphisms. That is, if δXm = {ξ,Xm}
then
δDiXm = {ξ,DiXm} . (5.12)
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The above transformation law corresponds to an infinitesimal symplectomorphism,
connected to the identity composed with a transformation within the cohomology class
of Xih, under which the harmonic basis is invariant. A
i has the transformation law of
a symplectic connection 1-form on Σ with curvature Fij = DiAj −DjAi + {Ai, Aj}
[38]. We notice that Fij is a total derivative, hence
1
2pi
∫
Σ
F = 0 . (5.13)
Although, A = Audσu carries the physical degrees of freedom of the maps to the
compact sector on target space, the monopole structure is missing on this bundle.
A not trivial property of the U(1) curvature FU(1) = dA and the symplectic curvature
F is they are the same when expressed in terms of its components fields X̂, Ai, i.e.
FU(1) = F = DiAj −DjAi + {Ai, Aj}
This result will be relevant in subsection 5.2.
• Global U(1) symmetry
A global symmetry is induced in the Hamiltonian by the infinitesimal symplectomor-
phims action connected to the identity on the target torus T 2:
X˜i → X˜i + ξi(T 2) (5.14)
, preserving the torus area ∂i(
√
WT 2ξ
i(X˜)) = 0 where X˜ represents the T 2 coordinates
where
ξi =
ij√
WT 2
∂jα(X˜) (5.15)
and
√
WT 2 = 1.
By using the definition Â = 12ijX̂
idX̂j identifying the harmonic maps X̂i with the
coordinates of the target 2-torus X˜i, imposing that it should act as a one-form con-
nection on Σ,
δÂ =
1
2
d(Xi∂iα)) , (5.16)
we obtain that the parameter α =
∑
i λiX˜
i with λi ∈ R. It is then a global U(1)
gauge transformation associated to a constant shift on the harmonic sector,
X̂i → X̂i + ikλk.
This is a transformation of the harmonic sector into itself which leaves invariant the
Hamiltonian.
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5.1 Hamiltonian Symmetries
The Hamiltonian of the Supermembrane is invariant under the full group of symplectomor-
phisms. The ones connected to the identity and the non-connected to the identity. The
connected ones are generated by the first class constraint, the residual symmetry generator
in the LCG. It generates the transformation on the Hamiltonian H
δH = {< ξφ >,H}P.B ∼ 0 , (5.17)
which is weakly zero. Besides the Hamiltonian is invariant under the non-connected to
the identity symplectomorphisms. In fact, as discuss in section 4.2, the basis of homology
transforms under SL(2, Z)Σ and so does the normalized basis of harmonic 1-forms. This
transformation is pushed-forward to a transformation on the Teichmüller parameter τ on
the target torus T 2, together with a transformation of the radius R and the winding ma-
trix, the SU duality. This last transformation generates a global U(1) on the fields Xi,
i = 1, 2 (4.15) which leaves invariant the Hamiltonian. Moreover, the Hamiltonian is also
invariant under a second U(1) global symmetry (5.16) generated by the Symp0(T 2). The
Hamiltonian is invariant under all these transformations.
The symplectomorphisms induce a local U(1) transformation which becomes manifest
by the presence of a U(1) connection one form on Σ, denoted A, with curvature F. This
connection is associated to a nontrivial U(1) principle bundle which becomes physically
relevant because it carries on one side the monopole structure associated to the nontrivial
central charge and on the other side the dynamical fields associated to the compact sector of
the M2-brane. The symplectomorphims also induce a symplectic connection with symplectic
curvature. The Hamiltonian is invariant under both gauge symmetries, the U(1) and the
symplectic one. In fact, the invariant Hamiltonian (2.10) can be written as
H =
∫
Σ
d2σ
√
w
[1
2
( Pm√
w
)2
+
1
2
( Pi√
w
)2
+
1
4
{Xm, Xm}2 + 1
2
(DiXm)2 + 1
4
(Fij)2
]
+
1
4
∫
Σ
d2σ
√
wF̂ 2ij +
∫
Σ
d2σ
√
w
∫
Σ
d2σ
√
w
[
Λ
(
Di
( Pi√
w
)
+
{
Xm,
Pm√
w
})]
+
+
∫
Σ
d2σ
√
w
[
− θ¯Γ−ΓiDiθ − θ¯Γ−Γm {Xm, θ}+ Λ
{
θ¯Γ−, θ
} ]
,
(5.18)
where the symplectic curvature F defined in (2.11), Fij = DiAj − DjAi + {Ai, Aj}, ap-
pears explicitly. The Hamiltonian also admits an expression in which the U(1) geometrical
structure becomes manifest, showing the coupling to a nontrivial Maxwell density that
contains also the flux contribution. This expression is obtained by replacing the curvature
terms 14(Fij)2 + 14(F̂ij)2 in (5.18) by 14(Fuv)2,the Maxwell density Lagrangian of the U(1)
connection A, that is,
H =
∫
Σ
d2σ
√
w
[1
2
( Pm√
w
)2
+
1
2
( Pi√
w
)2
+
1
4
{Xm, Xm}2 + 1
2
{Xi, Xm}2 + 1
4
(FuvFuv) + ... ,
(5.19)
Both expressions in the Hamiltonian become equal. In fact,
F ij = {Xih, Aj}− {Xjh, Ai}+ {Ai, Aj} = 12ij uv√wFuv = 12ij ? F , (5.20)
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where
Fuv = ij(∂uXih∂vAj − ∂uXjh∂vAi + ∂uAi∂vAj) . (5.21)
Also
F̂ ij =
{
Xih, X
j
h
}
=
1
2
ij
uv√
w
F̂uv =
1
2
ij ? F̂ , (5.22)
where
F̂uv = ij∂uX
i
h∂vX
j
h . (5.23)
Then F = dA = dÂ+ dA, see section 5, satisfies
Fuv = Fuv + F̂uv , ?F = ?F + ?F̂ , (5.24)
and, using that ?F̂ is constant independent of σ, together with (5.2)∫
Σ
dσ1 ∧ dσ2√w1
4
[
(F ij)2 + (F̂ ij)2
]
=
1
4
∫
Σ
F ? F , (5.25)
where F = 12Fuvdσ
u ∧ dσv. That is, the Maxwell action. In this expression it becomes
manifest the U(1) dynamical curvature containing nontrivial topological information. We
notice that F = dA is either a U(1) curvature on a trivial U(1) principle bundle or Fij =
DiAj − DjAi + {Ai, Aj} a symplectic curvature of the symplectic connection Ai. In this
way both geometrical structures become directly related.
6 Geometrical interpretation: A M2-brane on a twisted torus bundle
The central charge condition is associated to the existence of a nontrivial U(1) bundle
associated to the presence of monopole configurations over the worldvolume. On the other
hand the supermembrane compactified on M9 × T 2 over a toroidal worldvolume can be
extended to a formulation on a torus bundle over a torus with the target space geometry
being the fiber. It is known that this global description is given in terms of symplectic torus
bundles with monodromy in SL(2, Z) classified according to the inequivalent coinvariant
classes for a given monodromy. Now we want to determine if there exists a relation between
the U(1) and symplectic bundle both of them in terms of the M2-brane fields over the
worldvolume. We will show that this relation exists and moreover it becomes manifest
when the M2-brne is formulated on symplectic twisted torus bundle. Let us consider the
M2-brane global description in terms of the symplectic 2-torus bundle
T 2 → E → Σ , G = Symp(T 2) (6.1)
where G is the structure group of the fiber. It was shown in [43] that the M2-brane bundles
have a monodromy defined as
M : Π1(Σ)→ Π0(Symp(T 2)) = SL(2, Z) . (6.2)
Associated to the presence of the central charge condition there exists a U(1) principal
bundle fibered over Σ.
U(1)→ E′ → Σ (6.3)
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A particularity of this U(1) fiber is that its connection A is constructed in terms of the
embedding maps of the M2-brane over the 2-torus target space, Xi(σ1, σ2, τ) : Σ → T 2,
with i = 1, 2 and A = Â + A, see section 5. where dXi = dXih + dAi due to the Hodge
decomposition. Relevantly the dXih do not have dependence on time, a crucial aspect
towards its quantization. It gives rise to a nontrivial connection over the base manifold
generalizing the notion of Dirac monopoles to Riemann surfaces of genus equal or larger
than one as discussed in [31].
6.1 Twisted 3-Torus
In order to understand if there is a relation between the symplectic structure of the M2-
brane and the principal U(1) bundle, let us notice the existence of different twisted torus
structures within M2-brane global description. Let us consider a twisted torus on the target.
For example, the 2-torus of the target with local coordinates X˜i, i = 1, 2 with a nontrivial
flux as described in section 2. If we denote y the coordinate over the S1 related to the
principal bundle, we can define
e1 = dX˜1, (6.4)
e2 = dX˜2, (6.5)
e3 = dy + nX˜1dX˜2 (6.6)
such that it satisfies the Maurer Cartan equation.
de3 = f312e
1 ∧ e2 (6.7)
for f312 = n, which is the structure equation related to a twisted torus T3W . This geometrical
structure can be pullback to the worldvolume torus Σ. We thus also have a twisted torus
on Σ. Moreover, the twisted torus can be globally understood as a principal U(1) bundle
over the T 2 (the T-dual of the target torus with a nontrivial flux) or either a T 2 fibered
over S1 with parabolic monodromy in SL(2, Z), identified by the integer characterizing the
quantized flux. Therefore, there is another twisted torus structures within the M2-brane
bundle description. That is, a twisted torus constructed from a symplectic torus bundle
over a homological one-cycle defined on the base Σ, the Maurer-Cartan equations are also
satisfied.
In the twisted torus we consider, the presence of a U(1) connection one-form constructed
from the fields defining the M2-brane will be relevant. Hence we have a twisted torus with
a connection one-form which characterizes the U(1) principal bundle.
It is important to mention that in this case the structure group is Symp(T 2) ⊂ Diff+(T 2)
and not Diff+(T 2) as in the standard twisted torus. It is important to notice that in
both cases the monodromy is contained in SL(2, Z) because the isotopy classes of both are
isomorphic to SL(2, Z),
MPG = Π0(Diff+(T 2)) ≈ SL(2, Z), (6.8)
SMPG = Π0(Symp(T 2)) ≈ SL(2, Z). (6.9)
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6.2 The Supermembrane on a twisted torus bundle
In [43] we introduce the formulation of the Supermembrane on a symplectic torus bundle:
T 2 → E → Σ , (6.10)
with structure group the symplectomorphisms preserving the canonical symplectic 2-form
on T 2. This symplectic structure can be pullback to the symplectomorphisms on Σ pre-
serving the symplectic 2-form induced by the diffeomorphism, defined in section 4,
Σ ↔ C/L ≡ T 2 , (6.11)
p ∈ Σ → (
∫ p
po
dX̂i) /L ∈ T 2 . (6.12)
There is a natural way to introduce the monodromy on the torus bundle as mentioned in
6.2. It is associated to the representations of the fundamental group of Σ into the group
of isotopy classes of symplectomorphisms on T 2, the group SL(2, Z), which acts naturally
on the first homology group of T 2. It is then relevant for consistency the invariance of
the Hamiltonian under the complete group of symplectomorphisms. This is so, because
under symplectomorphisms connected to the identity the symplectic connection transforms
as δAi = Diξ and the curvature as δF = {F , ξ}. Hence the corresponding variations in the
Hamiltonian are total derivatives. Also as discussed in section 4.2 and section 5.1 under
symplectomorphisms not connected to the identity the complex mapsX1h+iX
2
h and A1+iA2
transform by a multiplicative phase. It turns out that the symplectic connection as well
as the terms involving Xih in the Hamiltonian are invariant under this transformation. In
section 5, we introduced a class of maps, constructed from the harmonic one-forms, related
by infinitesimal transformations connected to the identity
[Xˆi] → [Xˆi + {ξ, dXˆi}] , (6.13)
each element of the class have associated a U(1) connection one-form Â which transforms
under (6.13) as
Â → Â+ dη . (6.14)
Hence Â remains in the same gauge equivalence class. We also introduced a 1-form A such
that under
A → A+ {ξ, A} , (6.15)
it transforms as
A → A+ dη˜ . (6.16)
Moreover, A = Â + A is a connection one-form on a non-trivial U(1) principal bundle
and its Chern number, associated to the integral on Σ of its curvature, corresponds to the
quantized flux on the target, as shown in section 5.2. The connection carries not only the
information of the non-trivial transitions on the U(1) bundle, but also the information of
the dynamical fields associated to the compact sector of the supermembrane. In addition to
a twisted torus we have a connection on it. We can then define a geometry on the twisted
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torus preserving the bundle structure and we can couple backgrounds fields to the dynamics
of the compact sector of the supermembrane.
The symplectomosphisms connected to the identity induces a U(1) transformation,
on the U(1) connection, given by (6.14) and (6.16), leaving invariant its curvature. Also
under symplectomorphisms not-connected to the identity on the U(1) connection remains
invariant. Moreover the Hamiltonian can be expressed in terms of a symplectic connection
and curvature or equivalently in terms of a U(1) connection and its curvature making
manifest the invariance under both group of transformations. We then have two gauge
structures, the symplectic one associated to the structure group of the bundle and a U(1)
principal bundle associated to the central charge on the base Σ or the flux condition on
the target, both realized in terms of the physical degrees of freedom of the M2-brane. The
main point is that both are compatible. Under the monodromy
M : Π1(Σ)→ Π0(Symp(T 2)) = SL(2, Z) , (6.17)
on the symplectic torus bundle the symplectic isotopy classes transforms under SL(2, Z)
which induce a transformation of the fields describing the supermembrane, given in section
4, leaving the Hamiltonian invariant. Besides, the Hamiltonian can be re-expressed as
in section 5.2 showing also invariance under the induced U(1) transformation. So both
geometrical structures are compatible, a non trivial property of the M2-brane theory. This
means that the compact sector of the M2-brane can be realized in terms of the geometrical
objects naturally defined on a twisted torus bundle
T3W ≡ T 2U(1) → E′ → Σ , (6.18)
T 2U(1) denotes the twisted torus described by a U(1) principle bundle over the flat torus on
the target space. That is, the flat torus with a nontrivial flux. This geometric structure is
represented by a connection one-form whose pullback to the worldvolume is the connection
A we have introduced. The transition on the torus bundle represented by the monodromy
is compatible with the transformation law of the connection, as we have shown.
The relevance of this new geometrical interpretation in terms of a M2-brane twisted
torus bundle is that it gives a definitive answer to the inequivalent classes of M2-brane
bundles that exist for a M2-brane with central charges when it is compactified on aM9×T 2
target space. They can be classified by the monodromies of a twisted torus bundle on a
torus, which are given by the coinvariants of the monodromy subgroups labelled with the
charge of the quantized flux.
7 Discussion and Conclusions
The M2-brane compactified on M9 × T 2 with C± fluxes is equivalent (modulo a constant
shift) to a supermembrane on the same target space subject to a central charge condition
associated to an irreducible wrapping condition and consequently the theory exhibits dis-
crete spectrum. The so-called ’central charge’ condition is equivalent to have a nontrivial
U(1) principal bundle over the M2-brane worldvolume.
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The algebra of supercharges is obtained , and it is shown that the zero modes decou-
ple from the nonzero ones. We also find the amount of supersymmetry preserved by the
theory. Since the constant fluxes imply the existence of a nontrivial central charge and
there may be non vanishing Kaluza Klein states, -both of them BPS states breaking 1/2
of supersymmetry-, then there are two possible multiplets: If the Kaluza Klein momentum
state is turn on, the theory preserves 1/4 of the original supersymmetry. If not the theory
preserves 1/2 of it.
Focusing on the M2-brane bundle description where the 2-torus target space is the
fiber, with structure group the symplectomorphisms preserving its canonical symplectic
two-form, and the worldvolume is the base manifold, where it is a formulation of the M2-
brane on a torus bundle with monodromy in SL(2, Z) as realized in [29]. In this paper we
show that the nontrivial U(1) principal bundle over the base manifold and the 2-torus fiber
determine a 3-twisted torus bundle T3W or equivalently a T 2 with a connection U(1) that
is consistently fibered over the worldvolume base. The U(1) fiber as it is associated to a
nontrivial flux condition it should not be interpreted as an extra spacetime dimension. We
introduce a connection one-form over the worldvolume. It is a dynamical and topologically
nontrivial U(1) gauge field A, compatible with the symplectomorphisms transformations
and with the transition on the torus bundle, given in terms of the monodromy.
The M2-brane with central charge realizes as symmmetries of the theory not only
symplectomorphims connected with the identity -as it happens when there is no central
charge but also those not connected with the identity. We provide the form of such general
transformation including both sectors. This symmetry implies that the theory contains an
extra SL(2, Z) symmetry as formerly identified in [43], that plays a relevant role with respect
its U -dual invariance as discussed in [29]. We find new U(1) symmetries (gauge and global)
of the M2-brane worldvolume theory: There is a new dynamically nontrivial U(1) symmetry
with gauge connection A that contains a one-form connection Â associated to the constant
flux 2-form F̂ curvature, and a dynamical single-valued one A topologically trivial whose
curvature is F . There exists also a symplectic symmetry with connectionA whose associated
symplectic curvature is also F . Because of this nontrivial property, the Hamiltonian of the
Supermembrane with constant fluxes C± can exhibit both types of symmetries: it describes
a M2-brane with symplectic curvature terms and symplectic covariant derivatives or either
a membrane with a topologically nontrivial Maxwell contributions. This result we consider
can be of interest for future phenomenological considerations.
Geometrically the M2-brane on M9 × T 2 with constant fluxes possesses three different
structures of twisted torus T3W associated to the relation between the different fiber bundles
over the worldvolume base manifold: one is associated to the nontrivial U(1) bundle over
the base, another is associated to the 2-torus target space over a homological one-cycle of
the base with monodromy in SL(2, Z) and a third one is associated to the torus on the
target with a nontrivial flux.
We can define a Twisted torus bundle as a torus bundle with a U(1) connection fibered
over the base manifold T 2U(1) → E → Σ. The M2-brane is consistently fiber over it. It allows
to define the monodromy of the bundle in SL(2, Z). Compactification on twisted torus have
been shown to be related to Sherk-Schwarz reduction, metric fluxes and consequently with
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gauged supergravities at low energies. We provide a concrete realization of this idea from
M-theory, considering the Supermembrane theory on a twisted 3-torus as related to 9D
type II gauged supergravity. This construction clarifies previous results obtained in [43]
showing explicitly the relation between the constant fluxes, the central charge condition
and the monodromy. It implies the correspondence between the classification of M2-brane
inequivalent classes of torus bundles with monodromies in SL(2, Z) and type II gauged
supergravities in 9D.
The fact that the non connected identity symplectomorphisms (and not only the ori-
entation preserved diffeomorphims) are the symmetries involved in the definition of the
monodromy of the bundle (and respectively in the classification of inequivalent M2-brane
fiber bundles) will have an impact in the classification of the (p, q) strings that admit an
M2-brane origin [44].
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